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It is shown that  the c o m b i n e d  long i tud ina l  and t r a n s v e r s e  t e m p e r a t u r e  g r a d i e n t  can be  u s e d  
to ob ta in  new types  of focus ing  p r o p e r t i e s  in l e n s - I i k e  m e d i a .  

The  in f luence  of the l ong i tud ina l  t e m p e r a t u r e  g r a d i e n t s  is  s o m e t i m e s  i m p o r t a n t  in ac tua l  t h e r m a l -  
h y d r o d y n a m i c  gas  l e n s e s  [11. To d a t e ,  h o w e v e r ,  p u b l i s h e d  s t ud i e s  have  c o n c e n t r a t e d  on the in f luence  of the 
long i tud ina l  t e m p e r a t u r e  g r a d i e n t  in gas  l e n s e s  [2, 3]. The  c o m b i n e d  in f luence  of the l ong i tud ina l  and 
t r a n s v e r s e  g r a d i e n t s  on the r a y  t r a j e c t o r y  y = y(x) has  not r e c e i v e d  su f f i c i en t  a t t en t ion .  Here  we s h a l l  c o n -  
s i d e r  the p r o p a g a t i o n  of a l ight  r a y  in a f l a t  l e n s - l i k e  gas  m e d i u m ,  w h e r e  the index of r e f r a c t i o n  depends  on 
the l ong i tud ina l  and t r a n s v e r s e  c o o r d i n a t e s .  The  focus ing  and d e f o c u s i n g  r e g i o n s  a r e  found as  a funct ion of 
c e r t a i n  r e l a t i o n s h i p s  be tween  the g r a d i e n t  of the index of r e f r a c t i o n  a long both the x and y a x e s .  

F o r m u l a t i o n  of P r o b l e m .  B a s i c  Equ a t i ons .  A s s u m p t i o n s .  The  f u n d a m e n t a l  equa t ion  d e s c r i b i n g  l ight  
p r o p a g a t i o n  in a m e d i u m  with  index of r e f r a c t i o n  n(x,  y) t akes  the fo l lowing  fo rm in the g e o m e t r i c - o p t i c s  
a p p r o x i m  at ion: 

d Inn g,,) y,, c?Inn (14. y,~) + ( y ' +  = 0 .  
- o~--~- - ~ x  (1) 

To this  equa t ion  we m u s t  add the b o u n d a r y  cond i t ions  

y(x = o ) =  y., y ' (x  = 0 ) =  g .  (2) 

It is of i n t e r e s t  to c o n s i d e r  the fo l lowing  type  of r e l a t i o n s h i p  b e t w e e n  the index  of r e f r a c t i o n  and the c o o r -  
d i n a t e s ,  which is often found in a p p l i e d  p r o b l e m s :  

n (x, y) = f (y) e cx, (3) 

w h e r e  c is  a c o n s t a n t ,  and f(y) is an a r b i t r a r y  func t ion .  

It is  i m p o s s i b l e  to s o l v e  the a n a l y t i c  equa t ion  (1) in the g e n e r a l  c a s e  wi th  the index  of r e f r a c t i o n  d e -  
t e r m i n e d  by (3). Thus we s h a l l  s o l v e  it u n d e r  two p h y s i c a l l y  v a l i d  s i m p l i f i c a t i o n s ,  and s h a l l  c o n s i d e r  the 
fo l lowing  two c o r r e s p o n d i n g  c a s e s :  

1) we le t  y,2 << 1; th is  m e a n s  that  the r a y  t r a j e c t o r i e s  a r e  s l owly  v a r y i n g  func t ions ;  

2) y,2 is not s m a l l ,  but  the l ong i tud ina l  v a r i a t i o n s  in the index of r e f r a c t i o n  a r e  m o d e r a t e ;  we can 
then a s s u m e  that  c is  s m a l l ,  and s e e k  a so lu t i on  to (1) in the f o r m  of a s e r i e s  in the s m a l l  p a r a m e t e r  c.  

Thus in the f i r s t  c a s e ,  Eq.  (1) t akes  the f o r m  

y" + cy' - -  q) (y) = 0, (4) 

w h e r e  
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Fig .  1. Reg ions  of a p e r i o d i c  (I) and p e r i o d i c  (II) d e -  
focus ing ,  and p e r i o d i c  (III) and a p e r i o d i c  (IV) focus ing .  

Le t  us look at  the d i s t r i b u t i o n  of the index of r e f r a c t i o n ,  

n ~ 17,0 ecx -vy ' e  , 

which is d e t e r m i n e d  by the fo l lowing  t e m p e r a t u r e  p r o f i l e :  

T = no1 (n o - -  1) T O exp (yy~ --  cx). 

When v = 1, we  w r i t e  the so lu t i on  of (4) as  

w h e r e  

It is  not  d i f f i cu l t  to s e e  that  when x is s u f f i c i e n t l y  l a r g e ,  and the d i m e n s i o n s  of the t r a n s i t i o n  r eg ion  a r e  
l a r g e ,  r e g a r d l e s s  of the i n i t i a l  v a l u e s ,  a l l  t r a j e c t o r i e s  wi l l  a s y m p t o t i c a l l y  a p p r o a c h  the l ine  y = - ? x / c .  
P h y s i c a l l y ,  this  m e a n s  that  the l e n s - l i k e  m e d i u m  with  the index of r e f r a c t i o n  (5) w i l l  focus  an i ncoming  
b e a m ,  and r o t a t e  i t  th rough  the angle  a r c t a n  ( - ? / c ) .  

When v = 2, we have  the fo l lowing  t h r e e  c a s e s :  

1. c 2 > 8 y .  The  so lu t i on  of (4) t akes  the f o r m  

- c +  Vc-~- s,~ 
y = q exp 2 

w h e r e  

- -  c - -  1 / c  2 -  8 r  
x + c a exp 2 

c + ~  c2-- 8y ) . 
q = ( c~ - -  8~)  - I / 2  Y'0 ~- Y0 c ' 

c, = --(c~--8y)  -'/2 ( Yo + Yo c - -  V~c~--~y ) 
" 2 " 

Thus  the t r a j e c t o r y  found is an a p e r i o d i c a l i y  d a m p e d  c u r v e .  

2. 8 3 / > o  2. 

X, 

U n d e r  such  c o n d i t i o n s ,  r a y s  w i l l  p r o p a g a t e  a long t r a j e c t o r i e s  d e s c r i b e d  by the equat ion  

Y--- e -  ~cx  c l cos -~ -  

(5) 

w h e r e  

2y" o + cyo 
c~ = yo; c~ = - V - ~ -  c ~ ' "  

It is  not d i f f i cu l t  to s e e  that  when c = 0, the t r a j e c t o r i e s  t ake  the f o r m  of o s c i l l a t i n g  c u r v e s .  S ince  the index 
of  r e f r a c t i o n  has  a l ong i tud ina l  g r a d i e n t ,  the a m p l i t u d e s  of t h e s e  o s c i l l a t i o n s  a r e  d a m p e d ,  and the r a y s  a p -  
p r o a c h  the a x i s .  The  d i s t a n c e  at  which  the r a y s  e n t e r  the ax i a l  r e g i o n  is d e t e r m i n e d  by the quant i ty  

1 

C 

If  e < 0, the a m p l i t u d e  of the o s c i l l a t i o n s  wi l l  i n c r e a s e ,  and the m e d i u m  wi l l  l o se  the focus ing  p r o p e r t i e s  that  
i t  had  at  c = 0 .  

3. 8 7 = e 2. The  t r a j e c t o r i e s  d e s c r i b e d  by the equa t ion  
l 

v = e  2 ~(qx+c~), 
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where  

C 

cl = -~- Yo + go; c~ = Yo, 

a p e r i o d i c a l l y  approach  the x axis .  F o r  s m a l l  x, the lens  de focuses ,  fo rc ing  the r ay  away f r o m  the x ax is ,  
but  as x i n c r e a s e s ,  the ray  bends  toward  the ax is .  The m a x i m u m  devia t ion  of the r ay  f rom the axis  occurs  
at 

2 Vo 
X r n a x  ~ . . . .  

v y ; +  ~-- 
2 

and equals  

c + 2 y o  exp - -  + 2y~ + c  Yma• -- y 

Thus the m e d i u m  a c q u i r e s  focus ing  p r o p e r t i e s  owing to the p r e s e n c e  of the pos i t ive  g r a d i e n t  of the index of 
r e f r a c t i o n  in the x d i r ec t i on .  

Let us look at the second  ca se ,  in which no r e s t r i c t i o n s  a re  i mpose d  on the t r a j e c t o r i e s ,  but we a s -  
s u m e  that the index of r e f r a c t i o n  is a weak func t ion  of the x coord ina t e .  The s m a l l  p a r a m e t e r  c appea r s  in 

the p r o b l e m .  We t r a n s f o r m  Eq. (1) somewha t ,  taking the new v a r i a b l e s  z = dy /dx ,  where  we le t  y r e p r e s e n t  
the independen t  v a r i a b l e .  

We then r e w r i t e  (1) as 

Le t t ing  1 + z 2 = u, we have 

d z  
z - -  = (I + z 2) [,~ (y) - -  czl. 

dy 

d u  =2u [q)(y)--c  l ~h-~--]]. 
@ 

We seek a so lu t ion  to this equat ion  as a s e r i e s  in the p a r a m e t e r  c 

u = u o + cu~ + c2u~ + . . .  

and we can now wr i t e  the e x p r e s s i o n s  for  the f i r s t  two a p p r o x i m a t i o n s ,  

A [ ~(v')~y' 
U 0 = e ~ 

tq = -  2 ; u o }Fuo--1 dy'. 

Since 

@ 
= z = V h  o + cu 1 -  1 , 

dx 

we have the ray  t r a j e c t o r y  

- - i - - 1 1 2  

x = B  + ~ { V e x p [ A S ( p ( y ' , d y ' ] - - 2 c  S e x p [ A ~ t p d Y ' ] V e x p [  ASrpdy']--I  I dy, 

where  A and B a r e  d e t e r m i n e d  f rom the bounda ry  cond i t ions .  

To conc lude ,  let  us look at the e x p r e s s i o n s  for  the focal  d i s t a nc e s  f = tY0/Y'(I)[ [1] for  the l e n s - l i k e  
m e d i a  c o n s i d e r e d :  

Bce-a __ 
C 

IgoJ 

u I exp 2 l - - c ~  exp 2 l 

c~ = c l  ( - c + , ' c ~ - 8 v ) ,  c2 = c~ (c+V~-~). 

(c 2 > 8~), 
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Thus the longitudinal i ndex-o f - r e f r ac t ion  gradient  substant ia l ly  changes the nature  of the focusing 
p r o p e r t i e s  of the l ens - l ike  medium.  F igure  1 shows the regions of focusing and defocusing for  a lens- l ike  
medium having an index of re f rac t ion  of the type (5). 

1. 
2. 
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